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Abstract

In this work, we design a deleting machine and show that, for some given
condition on machine parameters, it gives a slightly better result than the
Pati—Braunstein (PB) deleting machine (2000 Nature 404 164, 2001 Preprint
quant-ph/0007121). Also it is shown that for some particular values of the
machine parameters it acts like the PB deleting machine. We also study the
combined effect of a cloning and deleting machine, where first the cloning is
done by some standard cloning machines such as Wootters—Zurek (1982 Nature
299 802) and Buzek—Hillery (1996 Phys. Rev. A 54 1844) cloning machines
and then the copy mode is deleted by the PB deleting machine or our prescribed
deleting machine. We then examine the distortion of the input state and the
fidelity of deletion.

PACS numbers: 03.67.—a, 03.65.Bz, 89.70.+c

In quantum information theory, it is well known that an unknown quantum state cannot
be cloned or deleted [1, 4, 5]. But we cannot rule out the possibility of constructing an
approximate cloning machine [1-3]. We can divide approximate cloning machines into two
categories: (i) state-dependent cloning machine: a cloning machine that depends on input
state such as the Wootter—Zurek (WZ) cloning machine [1]. It can clone better for some states
while it gives a worse clone for some other states. (ii) Universal quantum cloning machine: a
cloning machine which does not depend on the input state, such as the Buzek—Hillery (BH)
cloning machine [2]. The fidelity of cloning is same for all input states while cloning with
this cloning machine.

Like cloning machines, deleting machines have not performed well. This was first
observed by Pati and Braunstein and they showed that the linearity of quantum theory does not
allow one to delete a copy of an arbitrary quantum state perfectly. But ignoring the problem
of perfect deletion we can construct approximate deleting machines which are input state
dependent, such as the Pati—Braunstein deleting machine. These deleting machines are not
perfect in the sense that they can neither delete the copy mode perfectly nor retain the input
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state. It may happen that we first clone an unknown quantum state by using a known cloning
machine and then after using the copy mode, we want to delete it with a known deleting
machine. After completing the whole procedure, it is natural to ask about the fidelity of
deletion and the distortion of the input state. We try to give the answer to the above question
in this paper.

In section 1, we briefly discuss the Wootter—Zurek quantum copying machine and the
Buzek—Hillery universal quantum cloning machine. In section 2, we briefly discuss the Pati—
Braunstein deleting machine and D Qiu’s non-optimal universal quantum deleting machine
[8]. In section 3, we construct a quantum deleting machine which is input state dependent.
Then we show that the minimum average distortion of the input qubit and maximum fidelity
of deletion approach % and %, respectively. In section 4, we study the concatenation of cloning
and deleting machines. Lastly, we prescribe the transformation rule of the general deleting
machine.

Section 1

Wootter—Zurek (WZ) copying machine

The Wootters and Zurek (WZ) quantum copying machine defined by the transformation
relation on the basis vector |0) and |1) is given by

10)|Q) — 10)10)| Qo) (1.1a)

INIQ) — IHINHIQ1). (1.1b)
Unitarity of the transformation gives

(Q10) = (QolQo) = (Q110Q1) = 1. (1.2)
Let an unknown quantum state be given by

s) = a|0) + BI1). (1.3)

Without any loss of generality, we may assume o« and f are real numbers and o + 8% = 1.
The density matrix of |s) is

p = Is)s]
= a?]0)(0] + aBl0) (1] + B 1)(0] + B7[1)(1]. (1.4)
Using the transformation relation (1.1), we obtain
)1 Q) — |0)|0) Qo) + BIN[1)| Q1) = [¥)©. (1.5)

If it is assumed that the two copying machine states |Qy) and |Q;) are orthonormal i.e.,

(QolQ1) =0.

Then the reduced density operator p,,
pan™ = Tre[ paps™ ] = Tre[[9) (9 [] = &?00)(00] + B 11)(11]. (1.6)

The density operators of the final state in the original mode and the copy mode are given by
P = Tro[ pp®] = &*0)(0] + B2I1)(1] (1.7a)
o = Tra[pap®] = &[0)(0] + B2[1)(1]. (1.7b)

The copying quality, i.e., the distance between the density matrix of the input state p,'¢ and
the output state of the original mode p,*" can be measured by the Hilbert—Schmidt norm.
The Hilbert—Schmidt norm is defined as

D, = Te[p! — p, @] (1.8)

out i given by
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There are also other measures like Bures metric and trace norm [7]. But comparatively, the
Hilbert—Schmidt norm is easier to calculate and it also serves as a good measure of quantifying
the distance between the pure states.

Therefore the Hilbert—Schmidt norm for the density operators given by equations (1.4)
and (1.7) is

Dy =20’ B = 20%(1 — o). (1.9)

Since D depends on a2, so the WZ cloning machine is state dependent. For some values of
« it copies well while for some states it operates badly.

Buzek—Hillery (BH) copying machine

In Buzek and Hillery (BH) cloning, the transformation rule [2] is given by

10)1@) — 10)10) Qo) + [10)[1) + [1)]0)]|Yo) (1.10a)
IDIQ) — IHIDQ1) +[10)[1) + [1)|0)][Y7). (1.10b)
Unitarity of the transformation gives
(Qil Qi) +2(Yi|Y;) = 1, i=0,1 (L11)
(YolY1) = (Y11¥o) = 0.
If further it is assumed that
(QilY;) =0, i=0,1
(QolQ1) =0 (1.12)

then the density operator of the output state after copying procedure is

P = &?]00)(00]( Q0| Qo) + ~/2B100) (+](Y1| Qo) + v2a8|+)(00{ Q0| Y1)

+[20% (Y| Yo) + 2841 |Y1)11+) (+] + v 2aB|+)(11]( Q1] Yo)

+V2aB[11) (+(Yo] Q1) + B2 (11[{Q1] Q1) (1.13)
where |+) = -L(|10) + [01)).

2
The density operator describing the original mode can be obtained by taking the partial trace

over the copy mode and it reads
™ = 10)(0l[e” + £(B* — &®)] + |0)(Llepn + 1) (OlexB + [L)(L][B* + £(e® = )] (1.14)
where (Yo|Yo) = (Y1]Y1) =§

(Yol Q1) = (QolY1) = (Q11Yo) = (Y11Qo) =
The density operator p, Y describes that the copy mode is exactly the same as the density

operator describes the original mode p,©".
Now the Hilbert—Schmidt norm for the density operators (1.4) and (1.14) is given by

N

, (1.15)

D, = 28%(4a* — 4a® + 1) + 2% % (n — 1)°. (1.16)
It is found that D, is input state independent if & and n are related by

n=1-2¢. (1.17)
Therefore,

D, = 2&2. (1.18)
If aaz ‘(‘52’) = 0, then the cloning machine is input state independent for § = %, where

D;i) — Tr[pab(out) _ pab(ld)] and pabld — pald ® ,Obld- (119)
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Section 2

Pati and Braunstein [6] defined a deleting transformation for the orthogonal qubit:

10)10)]A) — 10)| )| Ao) (2.1a)
INHINHIA) = [1)]X) A1) (2.1b)
10)[1)[A) — [0)[1)|A) (2.1¢)
I1)10)]A) — [1)[0)|A) (2.1d)

where |X) represents some standard state, |A) is the initial state and |Ag), |A;) are the final
states of the ancilla.
After operating deleting machine (2.1) on the input state |s)|s) where |s) (1.3), the reduced
density matrix obtained by taking partial trace over the machine mode ‘c’ is given by
Pab = tre(|s)|s){s]{s])
= [«[*10)(0] @ [Z)(Z|+ B @ IZ)(E| + 2laPIBPIY ) (Y] (2.2)
where W) = %(|01) + |01)).
The reduced density matrix for the qubit in the mode b will be
Py = tra(pay) = (1 = 2|l*|BP)Z)N(Z| + |81 (2.3)
where I = |0)(0| + [1)(1].
The fidelity of deletion is found to be
Fy = (S| Z) = (1 = |a*B). 24)

Since Fy, depends on |« |?, the average fidelity of deletion is given by Fy = f Fyda? = g
The reduced density matrix for the qubit in the mode a will be

Pa = trp(par) = |e]*10) (0] + [BI*| 1) (1] + ||| BI* 1. (2.5)
The fidelity of the qubit in mode a is
Fo = (Ylpal¥p) = 1 = 2]a?| B (2.6)

The average fidelity in this case is %

The PB deleting machine is a state-dependent deleting machine, since it depends on the
input state. Also it is found that the average fidelity for the first qubit in mode ‘a’ is less than
the actual deleting mode ‘b’. This shows that linearity of quantum theory not only prohibits
the deletion of an unknown state but also restricts the other qubit to retain its original state. The
authors also proved that unitarity does not allow one to delete copies of two non-orthogonal
states exactly.

Recently, D Qiu gave a transformation rule [8] for the universal quantum deleting machine,

which is given below

U10)|0)|Q) — 10)|X)}[Ao) + [1)]0)Bo) (2.7a)

UihniQ) — [1)[X)[Ar) +10)[1)|By) (2.7b)

U10)[1)[Q) — 10)[1)|Co) (2.7¢)
|

< ~

Uinioy Q) — [10)ICy). (2.71d)
Based on some assumptions and calculations, he verified that such a universal quantum deleting
machine does not exist.

Then he constructed a deleting machine which works as a universal quantum deleting
machine given by

U10)|0)|Q) — a0|0)[Ao) + bol1}|Bo) (2.8a)
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UInNQ) — aill)| A1) + b1|0)|By) (2.8b)
Ul0)1)|Q) — 10)[1) (2.8¢)
Uini0)|Q) — [1)[0) (2.8d)

where | Q) represents the ancilla state and | A;), | B;) (i = 0, 1) are the final states of the ancilla.

This deleting machine may play an important role when the memory in a quantum
computer is inadequate. He also showed that the above prescribed deleting machine is
input state independent or universal in the sense that the distance D(|a|?) = tr[(pz("“‘) -

|1p)(1/f|)t(,02(°”‘) — |)(¥ )] is input state independent, where |W) = «|0) + B|1) and
P2 = tr (U [¥) 1)1 Q)(QI(W | (W U").

But the above deleting machine (2.8) is a non-optimal universal quantum deleting machine.
The machine is non-optimal in the sense that it gives low fidelity of deletion and it cannot be
improved.

Section 3

In this work, we prescribe a deleting machine given by

Ul0)|0)1Q) — 10)1%)]Ao) (3.1a)
Ul0)1)[Q) — (aol0)|1) + bo[1)10))| Q) (3.1b)
UIDI0)Q) — (a1]0)1) +b1[1)10))| Q) (3.1c)
uininig) — MIx)1A) (3.1d)

where |Q), |Ao), |A1) and | X) have their usual meaning and a;, b; (i = 0, 1) are the complex
numbers.
Due to the unitarity of the transformation (3.1) the following relations hold:

(AilA;) =1 (i—0,1)
a,»2+bi2=l i=0,1)
lai|” + 1] (' 32)
ajaj_; +bibf_; =0 i=0,1)
(A11Q) = (Ao|Q) = 0.
Further, we assume that
(A1]Ao) = (AolA1) = 0. (3.3)
A general pure state is given by
) = «l0) + BI1), ol + g7 =1 (G4

where without any loss of generality we can assume that « and 8 are real numbers.
Using the transformation relation (3.1) and exploiting the linearity of U, we have

UIY)I¥) Q) = «’U10)[0)|Q) +aBU0)[1)]Q) +aBU1)[0)|Q) + 87U |1)|1)| Q)
= &?|0)| )| Ag) +aBlgl0)[1) + ~[1)[0)]]Q) + BZ[1)|Z)|A;)
= |y¥) (3.5)

where g = ag +aj, h = by + by.
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The reduced density operator of the output state in modes ‘1’ and ‘2’ is given by

p1©" = Tro[ p12 ] = Tra[|9) 120 12 (v ]
= [o* + o B%gg*110)(0] + [B* + o BhA*]|1)(1] (3.6a)

P2 = Try [ p12 0] = Tri [19) 120 0 12 (]
= | Z)(E[+aB7[gg* 1) (1] + hh*|0)(0]] + B*| Z)(Z]. (3.6b)
Now to see the performance of our machine, we must calculate the distortion of the input state

and the fidelity of deletion. ‘
Therefore, the distance between the density operators 0219 = |y) (¢ and (3.6a) is

Di(e?) = Te[p @ — p, @7’
= ka*B* + 2022

where k = (gg* — 1)? + (hh* — 1)%.
Since D, depends on o2, so average distortion of input qubit in mode 1 is given by

1 * _1)2 * _1)2
D) = f Dy (%) do® = 1 (1 + (gg” = )" + (hh" — 1) ) . (3.6¢)
0 3 10

The reduced density matrix of the qubit in mode 2 contains an error due to imperfect deleting
and the error can be measured by calculating the fidelity. Thus, the fidelity is given by

Fi = (Z|;|E) = | — ki

where k; =2 — gg*M, — hih* (1 — M?), M = (Z|1).
Since fidelity of deletion depends on the input state, so the average fidelity over all input
state is given by

1
F, :/ Fi(a?) do?
0

__h_2 e — hh*YM? + hh*

6 3 6

(3.6d)

From equations (3.6¢) and (3.6d ), we observe that the minimum average distortion of the state
2

in mode ‘1’ from the input state is % and the minimum average fidelity of deletion is 5. So
our prime task is to construct a deleting machine or, in other words, to find the value of the
machine parameter ag, a1, by, by which maximize the fidelity of deletion but keep the average
distortion at its minimum value.

To solve the above discussed problem, we take gg* — hh* = ¢ and hh* = 1 + &, where

¢ and ¢ are very small quantities. Then equations (3.6¢) and (3.6d ) give
51:l+(81)2+(8+81)2 YA 5+8M2+81.
3 30

1= =
6 6
Therefore, D — %E — % ase, g — 0.

The above equation shows that if we choose machine parameters ag, a;, by, by in such a
way that gg* and hh™* both are very close to unity then only we are able to keep the distortion
at its minimum level and increase the average fidelity to %.
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Section 4

In this section, we study the effect of deleting machines after cloning imperfect copies of an
unknown quantum state by a cloning machine such as the WZ cloning machine and the BH
deleting machine. The concatenations of cloning and deleting machines are different from
identity transformation in the sense that the distortion of one qubit from its original state is
not zero and the fidelity of deletion of another qubit is not unity. Otherwise the distortion
and the fidelity of deletion is found out to be 0 and 1, respectively. This happens only when
the copy is cloned perfectly and from the perfectly cloned copies, if we can delete the copy
mode perfectly. But this case cannot arise since linearity of quantum theory prohibits perfect
cloning and perfect deletion.

WZ cloning machine and PB deleting machine

Let an unknown quantum state (3.4) be cloned by the WZ cloning machine.
Using cloning transformation (1.1), an unknown quantum state (3.4) cloned to

«[0)|0)[ Qo) + AI1)[1)] Q1). 4.1
Now, operating deleting machine (2.1) to the cloned state (4.1), we get the final output state as
[®)xy ™ = @|0)|Z)|Ag) + BI1)|Z)| A1) 42)

The reduced density operator describing the output state in modes x and y is given by

px(oul) = Try(pxy)
= a?[0)(0] + B2 1)(1] (4.3a)

oy = Tru(py) = IZ)(S. (4.3b)
The distance between the density operators 019 = |¥)(¥| and (4.3a) is
D3(@) =T, = p, "]’
=2a°(1 — a?). (4.4)

The average distortion of input qubit after cloning and deleting operation is given by

Dy = f 1 Ds(a*) do®
= 0?33. (4.5)
The fidelity of deletion is given by
F3 = (Z|py|X) = 1. (4.6)

The above equations show that if we clone an unknown quantum state by the WZ cloning
machine, and delete a copy qubit by the PB deleting machine then the fidelity of deletion is
found to be 1 but the concatenation of the cloning and deleting machine cannot retain the input
qubit in its original state.

BH cloning machine and PB deleting machine

Let an unknown quantum state (3.4) be cloned by the BH cloning machine.
Using cloning transformation (1.10), quantum state (3.4) cloned to

a[10)[0)[ Qo) + (10)[1) + [)]ON[Yo)] + ALY 1)[ Q1) + (0)[1) + [1)[0))[¥1)]. 4.7
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After operating deleting machine (2.1) to the cloned state (4.7), the output state is given by

(out) __ 1
|P)xy —71+2§{a[|0>|2)|A0)+(|0>|1)+|1)|0))|Y0)]

+BIDIZ) A + (0)[1) + [1)OD[Y1) 1} (4.8)
The reduced density operator describing the output state in modes x and y is given by

Ox (out) — Try(,oxy) = Tl‘y(|¢>xy(om) (Om)xy <¢|)

__ 2 2
= 1+2${|0)(0|[01 +&]+ [1)(1[B" + &1} (4.9a)

py(ou[) = Try (pxy) = Trx(|¢>xy(0m) (oun (¢|)

= 1+2€{IE)(E|+1‘§} (4.9b)

where / is the identity matrix in two-dimensional Hilbert space.
The distance between the density operators p{¥ = |v/)(y/| and (4.9a) is

Dieh) = Te[p " = p T
262+ 207 B2(1 + 48)
- (1+28)
The average distortion of the input state is given by

(4.10)

1
54:] D4(C(2)d0(2
0
B 652 +4E +1 11
TO3(1+28)?2 0 32
for the BH cloning machine § = é.

Since we are using the BH cloning machine to clone an unknown quantum state, therefore
the fidelity of deletion is given by

Fy = (Z]py|X)
o 1+E T
C1+28 8

for the BH cloning machine & = %.

WZ cloning machine and deleting machine (3.1)

After operating deleting machine (3.1) to the cloned state (4.1), we get the output state as
|6)xy ™ = @|0)| )| Ag) + BI1)|T)| A1) (4.11)
The reduced density operator describing the output state in modes x and y is given by
P = Try(pxy) = Try (1) ™ sy (1) = @*10)(0] + B21)(1]  (4.120)

Py = Tr(py) = Try (190 sy (1) = I2)(Z] (4.125)
The distance between the density operators p, 'Y = |)(v/| and (4.14a) is
Ds(a?) = Tr[p, ™ — p, 7’
=2a%(1 —a?) (4.13)
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Since D5 depends on a2, so the average distortion of deletion is given by
1
Ds = f Ds(a?) do?
0
=0.33 (4.14)

The fidelity of the second qubit is given by

Fs = (X]py|2) = 1. (4.15)
BH cloning machine and deleting machine (3.1)
After operating deleting machine (3.1) to the cloned state (4.7), we get
16)y ™ = {l]0)|Z)[Ao) + (g]0)[1) + A[1)|0))|Yo)]

+BLD[X) A1) + (gl0)[T) +A[1)10)[Y1)]}. (4.16)
We assume

(AolYo) = (A1) = 0. (4.17)

The reduced density operators describing the output state in two different modes is given by

Px " = Try(pxy) = Try (1) 5y 0 sy (1)

T [+ (gg* + hh"E]

py (out) — TI'X (,Oxy) = TI‘X (|¢>Xy(out) (ou Xy <¢|)
1

T [0+ (gg" + hh"E]

{10)(0(c* + Egg™) + |1)(1|(B* + ERR™)} (4.18)

{IZ)(Z[+10)(0[(rA™) + [1)(1](6g8™)}. (4.18D)

Now in order to measure the degree of distortion, we evaluate the distance between the density

operators (4.18a) and (1.4) given by
De(a?) = Tr[p, ™ — p, 00’
_ Z%-Z(gg*ﬂZ _ hh*a2)2
[+ (ggt +hhM)EP
The average distortion of the input qubit is given by

+202p2

1
D¢ = f De(a®) do®
0

1 28°[(8")* + (hh*)? — (gg*) (hh*)]

=3t T 3t (gt hhER
_,2 (<gg*>2 + (hh*)* — (gg*)(hh*))
33 [6+ (gg* + hh*)]2 :

for the BH cloning machine § = é.
The fidelity of deletion is given by

1+&(gg* — hh*)M? + £(hh*)
1+ (gg* +hh*)&

6+ (gg* — hh*)M? + (hh*)
- 6+ gg* + hh*

Fs = (S|py|%) =

)

for the BH cloning machine & = %.

(4.19)
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In particular, For ay = g,a] = %,bo = %,bl = “/7§, we get gg* = hh* = 1. In this
case, we find that the fidelity of deletion and the average distortion is same as in the case of
the BH cloning machine and the PB deleting machine.

General deletion machine

The general deletion machine can be prescribed as

U10)|0)| @) — 10)[X)|Ao) + pol1)|0)|Bo) + p110)[1)|Co) (4.20a)
Ul0)DQ) — (aol0)|1) +bo[1)10))| Q) (4.20p)
UIDI0)|Q) — (a1]0)[1) +b1[1)10)| Q) (4.20¢c)
UihniQ) — [MIX) A1) + pol0)[1)|Br) + p1[1)[0)|Cy) (4.20d)

where |Q), |A;), |B;), |C;) (i =0, 1)and | X) have their usual meaning and a;, b;, p; (i =0, 1)
are complex numbers.
Due to the unitarity of the transformation (3.1) the following relations hold:

|pil*(Bi| Bi) + | p1—i*(Ci|Ci) = 1 — (A;]A;) (i=0,1)
|ai|* + |bi|* = 1 (@=0,1)
aia}‘_ibibi‘_i =0 (l = 0’ 1)
piPi_i{C1|Bo) p; p1-i(B1|Co) = 0.

Further, we assume that
(Ai1Q) = (Bi|Q) =0 = (C;|Q) = (Ag|A;) = 0. (4.22)

The above constructed deleting machine is general in the sense that it reduces to the deleting
machine discussed in this paper for the assigned values of a;, b;, p; (i = 0, 1). Moreover, it
also gives a wide class of deleting machines.

4.21)

Conclusion

In this work, we define a deleting machine which gives a slightly better result than the PB
deleting machine. In addition, for some particular values of ay, a;, by, b1, our deleting machine
(3.1) acts like the PB deleting machine. Also here we observe that the concatenation of the
WZ cloning machine and the PB deleting machine always gives the same result as obtained
in the case of the WZ cloning machine and deleting machine (3.1). But the result obtained
from the application of the BH cloning machine and deleting machine (3.1) on an unknown
quantum state does not always coincide with the result obtained from the combination of
the BH cloning machine and the PB deleting machine. The two results agree only when

ap = ?, a = %, by = %, by = ? In this work, we mainly concentrate on the state-
dependent WZ cloning machine and the state-independent BH cloning machine to clone an
unknown quantum state but there also exist various types of state-dependent cloning machines

which may give better results than the above two types.
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